DEVELOPMENTS ASSOCIATED WITH A BOUNDARY PROBLEM
NOT LINEAR IN THE PARAMETER*

BY

RUDOLPH E. LANGER

I. INTRODUCTION

The expansion of a more or less arbitrary function into a series whose
terms are the characteristic functions of a differential equation containing
a parameter and subject to certain boundary conditions is a problem which
has long claimed the attention of mathematicians.

The oldest of such expansions is the classical Fourier’s series, of which the
terms satisfy the differential system

u” (z)+ du(x) =0,
u(a) = u(b),
w'(a) = o' (D),

although the system

d [, du o
%(k%) +(hg—Du=0,

e u(a)+ e’ (a) =0,
Bru(b)+ B/ (b) =0,

was used as a source of characteristic functions as early as 1835. Liouville,{
using the results of Sturm, was the first to investigate this latter type of
development, and with varying hypotheses regarding the coefficients «, g,
and /, his work has been carried on by many others, so that with suitable
restrictions on these coefficients a fairly complete theory of the expansions
has been evolved.

In 1908 Birkhofff broke away from the system of Sturm and Liouville by
raising the order of the differential equation from 2 to » and omitting the

* Presented to the Society, February 25, 1922.
+ Journal de Mathématiques, vol. 1 (1836).
+ These Transactions, vol. 9 (1908), p. 873.
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condition that it be self adjoint.* The system whose solutions form the terms
of his developments may accordingly be written

d*u dlu du
dx® +.pl dx”—l +'°‘+pn—1d_x+(pn+ lg) U= 0,
Wi(u) =0,

Wa(u) =0,

the W’s representing linear homogeneous expressions in % and its first (n — 1)
derivatives taken at the points a and b.

In several cases the boundary conditions have been changed from the
forms here indicated, but only a single further modification of the differential
equation appears to have been made. I refer to the equations and conditions

p(2)w'+(g+4)u = K(z),
u(0) =y, w(l)=T,
and
() + (g + 2w = K(2),

u(0) =11, ' (0) = 7,
M (1)—hsu(l) =y,
employed by Hilb in 1911.T
Apparently, therefore, the differential equations hitherto used for this pur-
pose are all reducible to a system of first order equations of the type

(1) a;u; = L+ A M; (i=1,2,--+,n)

each L; and M; representing a linear expression in u, us,:--,us.J They
have in common, moreover, the characteristics

a;E0 (i=1,2,"++,n)
M,=0ifi ¥+ n, M;£0if i =n.

*In this connection see also: Hilbert, Grundziige einer allgemeinen Theorie der line-
aren Integralgleichungen, Nachrichten der Gesellschaft der Wissenschaften zu
Gottingen, 1904, 1905, 1906; Westfall, Zur Theorie der Integralgleichungen, Dissertation,
Gottingen, 1905; Bounitsky, Sur la fonction de Green, Journal de Mathématiques, 1909.

+ Journal fiir Mathematik, vol. 140, p. 205.

1t See also Schur, Zur Entwicklung willkiirlicher Funktionen, Mathematische Annalen,
vol, 82 (1921), p. 218; Carmichael, Boundary value and expansion problems, American
Journal of Mathematics, vol. 43 (1921), p. 69.
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It is the purpose of this paper on the other hand to consider the expansion
problem associated with an equation which when reduced to a system of the
form (1) is characterized by the facts that

a;=0ififn, a@F0ifi=nmn,
MEEO t=1,2,---,n).

The equation in question with boundary condition is of the form

u(a) = hu(d),

h being a detinite constant (specified below), while P and @ are polynomials in
the complex parameter 4, the coefficients of P being constants while those of Q
are functions of « which satisfy certain conditions to be specified below. It will
furthermore be assumed that the poles of the rational function Q(4,x)/P(4)
are all simple.*

I1. THE FORMAL EXPANSION

Under the assumption already made, there is no further loss of generality
in assuming the degree of P(4) to be at least as high as that of Q(4,).T
Accordingly we have the expression in partial fractions

Q()'y .’IL‘) ao("E) +2 (l)(fL‘)

P (l) J—] l - a
b
- f ap(x)d.r
If, now, % is chosen as h=¢ ° , while the dependent variable is changed
by the substitution
f a0@) dz
u(z) =-¢e u(x),

* Observe that the system
PA)u' () = @A, 2)u(x),

_aid
w(a)=he P u),

where q and p are polynomials with constant coefficients, while g (4)/p (1) has only simple

poles, is notlmore general than system (1) since it may be reduced to (1) by the substitution
1Az
w= el md)
+ The degree of @ can exceed that of P by at most one, while if @ is of higher degree

than P the change of parameter 1 = —;— + 8, where (1— ) is not a factor of P(2), may be

made and will raise the degree of P to that of @.
11°
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the system takes the form

W () = 2 4lz) (@),
u(a)=u(b).

@)

This is the form which will be employed hereafter, and it will be assumed
that the coefficients of Q(4,x) are such that each of the functions a;(x)
(j==1,2,---,n) in (2) is real, maintains the same sign, and is integrable
and bounded throughout a closed interval a < x < b.

As a matter of notation the capital will be used to indicate the integral
from a to x of the corresponding small letter; thus

2(x) =fm(x) dx.

Accordingly the solution of equation (2) may be written

n A
4@

u(x) = e=1A—% *

and the characteristic values of 4 for which this solution satisfies the boundary
conditions are found to be the roots of the equations

®) ;f‘

- = 2kmni,

k being any integer or zero.

It will be assumed throughout the discussion unless the contrary is explicitly
stated that equations (3) have no multiple roots, a condition which is always
fulfilled when none of the roots of the equation

are characteristic values.T .
Equations (3) yield, therefore, » characteristic values A, ,, - - -, 4,, corre-

sponding to each choice of #. We shall return subsequently to a discussion

of these values and will show that they cluster about the points e;, e, -, an,

* The arbitrary constant factor will be omitted.
1 In case two or more characteristic values do coincide the corresponding terms of the
expansion must be otherwise computed (see note on p. 15).
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for |k| large, a sufficiently small neighborhood of e, containing just one
characteristic value 4x,, for each integer .

Permitting 4 to take on characteristic values in the equations of system (2)
and of the adjoint system

n

V@)= — 25 "J(”) o),
@ =¥
v(a) = v(b),

we have

n
a;(x
u, (x) = 2%_)% w, (),
o

Jj=1

oh(2) = — 32 0@ 1, ().

)—1

If, now, these equations are multiplied by v, («) and u, (z) respeetively and
are then added, it is found that

i(u v )=2na'(x)[ 1 __ 1 ]u. v
dz W &Y Ay, — / bu "k

a; /-k,,‘— o

n
(7 a;(x)
= (= 4, )jg; (&, — o) (A, — @) “t Vi

The quantity Uy, Vg, however, takes on identical values at the boundary
points ¢ and b, whence integration between these limits yields the fact that

b

® JJ:EI (Zl a?)(:(v)?k — ) U, Yk, dzx =0,

unless ! = k and » = ». We proceed to apply the relation thus established.
Let fi(z), fe(x), - - -, fu(zx), be n arbitrary functions, and let us assume
the possibility of expanding these functions simultaneously in series of the form

R U, ()
(6) file) = —Zao lﬂm (G=1,2,",n).
u=12,..

* The characteristic values of systems (2) and (4) are identical.
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Multiplying by a;(x)vk,(x)/(4k,— e;) and summing with respect to j we
obtain the relation

5 oaj(z) fi(@) v, (2) & I a;(z) w, () vk, ()
2 =§1 =2——oo G ()-k — aj) (ll o)’

,ll—l 2) N

j=1 )'ky - aj

On the assumption that the series on the right of this equation converge and
may be integrated term by term between the points ¢ and b it is found in
view of relation (5) and the fact that w, () vk, (x) = 1, that

J? n aj(x)fj(w) 'Uk,,(x) Ao — Ckyz AJ(b)

A (e —e) [T
a

Inasmuch as the sum on the right was assumed to be different from zero,

fz aj(z) fi () vk, (x) i

k —oj

@ % L 40 ’

Jj=1 ()'ky— aj)e

and (6) is more explicitly

b (050 vk, (1)
® A =2 ,2 WO o O jj(b)

n
y= 12, na (lk, ;) (A, — @) 2 (i, — o5)°

dt.

Instead of returning to a rigorous establishment of this formal result we shall
investigate directly the questions, does the series in (8) converge? and if so,
what does it represent? Before proceeding to this, however, it is of interest
to observe the nature of the reduction of expansion (8) in a particularly simple
case, namely that in which the coefficients a;(x) are all constants. For
simplicity let n be chosen as n = 2.

From (3) the characteristic values 4, and 4, are the roots of the equation

a4 as 2kns

A—ay + A—ea; (b—a)

and since, therefore,

a, Qs a as
4+ —
Ak, — ay Ap, — ag ).k,—al_l_lk,——ag’
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it is readily seen that

ey —a Ay, — o
(9) as (._‘—1 = —qy ks 2 .
lk‘ o3 )vk, —ay
Furthermore, since a, and a; are constants,
2km'” a

ue(2) =up(2)=e °¢

The expansion (8) for f; (x) is, therefore,

v o D) - _ wfi()
Si(z) = _2_00 (lh*;lal) ()'kx—;“s)()-k.—-al)
¢ [(lk.—al)’ + (h, —a )s](b—a)

a fi (2) as f3 ()
+ (M=) " (Ar,—@s) (Ax,— 1)

l:(lk.fiatl)2 + (A, — - « )s](b a)

ve(t) ux(z)dt.

Multiplying both numerator and denominator of each fraction of the integrand
by a suitable factor, the expression within the brace takes the form

AW+AO2(EZ0)  fph (B ) o

A
wefes s

}"ﬁ — Qg

This reduces on account of (9) to

FO—HOFEZ2HAOB(EZ2) b 0=
T

Qas lk,’—'al

namely to f;(¢), and the expansion in question may be written

-l-oo

a:—t
filw) = fﬁ(t) “=a gy,
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Inasmuch as the imaginary terms of the series for the values of & numerically
equal but of opposite sign cancel, if f; (x) is real, the series for such a function
reduces to

-+ oo 1

b
Ji(x) =k§ ffl(t)cos

“wb—a
a

2kn
b—a

(xz—t)dt.

Hence expansion (8) for f; («) is none other than its Fourier’s series, and in
precisely similar manner the reduction of (8) to the Fourier’s series in the
case of f3(x) may be shown. The generalization is, therefore, one from con-
stant coefficients a; to variable coefficients a;(x).

IIT. THE EXPANSION AS A CONTOUR INTEGRAL

When 4 is not a characteristic value of system (2) there exists a unique
Green’s function, G (x,¢,), which is characterized by the fact that the
solution of the non-homogeneous system

¥ (@) =2y (2) + o),

y(a) = y(b),
is given by the formula

b
y(@) = [G(,t,1) @ (t) dt.*
a
The explicit formula for G'(x, ¢, 4) is in this case

_ulx,A)v(t, A) 14 u(b,2)
(10) G (z, t, 1)——2—‘~[i1+m],

where the ambiguous sign must be chosen

+fort <z, —fort>x,
and where
noAj@
by
u(z, d) = =1 4=% |
while

u(z, ) v(z,d) =1.

* Bocher, Bulletin of the American Mathematical Society. vol. 7 (1901), p. 297.
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It is seen, therefore, that G(x, ¢, 1) considered as a function of the para-
meter 4 is analytic over the entire plane except for a pole at each of the
characteristic values, these poles being of the first order when the cha-
racteristic equations have only simple roots. The residue at 4 = 1, is, of
course, given by the formula

w(x, k) v (¢, ) 14+u(b, %)

2 d ’
H [1 _"(bi }')]lz/lky

-Rk,, (x7 t) =

or, since
w(x,d,) = uk, (x),
more explicitly by
ur, () vk, (¢)
o 4;(b)
j=1 (lk‘,—“"j)2

By (z,t) =

Hence if 7, is any closed contour in the 1 plane which includes A, and no
other characteristic values, and none of points a; (4 =1,2,..-,n), then

1 G (z, ¢, 2) vi, (¢) i, ()
; di =
2 f().——w)().—a,- 4;(b)
nz"ky ’ ) (lky_ aj) (lky— ai)j;(lky{_. aj)2

Multiplying this by @;(¢)fj(¢), summing with respect to j, and integrating
with respect to ¢, we obtain the relation

b
1 (a5 6 @)
2nifzfj§ J(l—JaJ)().——a;) dtal

rky
f a; (1) f; (1) vky(t) Uk, () "
J=1 (Ax,— ) (A, — @) 2 (1’:1!_(_1"1])3

The right-hand side of this equation is, however, precisely the k,th term of
the series in (8)* from which it follows that if 7, is'a contour enclosing the

* If a number of characteristic values coincide and are located at 4, the corresponding terms
of series (8) taken together are to be replaced by

g LS OR, =0
'ﬂlr j=1 (Xky_ aj) (lgy'— a‘) ’

where R,y (i, t) is the residue of G (x, t, 2) at 1 = Ay
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characteristic values 4,, 43,---, 4m, and no others, then S () , the sum of
the terms of series (8) corresponding to 4,, 45, - - -, 4 is given by

) 3 w(Of(1) 6 (2,t,2)
(11) o (x) = 2mff, , J(z—a,-)(z—a,.) dtdo.

IV. CONVERGENCE OF THE SERIES

The equation for the characteristic values has already been given, (3), and
it was observed that these values cluster about the » points e, , a3, - - -, an, for
|k| large. The substitution

(12)

1

A—a,

=e

projects the point e, to co and transforms (3) into

A4;(b) . .
= Aot e
which may also be written
(b) 4;(d)
= 157 | 27 +2[ e G e T )

J#r

From this every characteristic value is seen to be of the form

(14 o, — 2EEC+29,

C being a constant and o (¢) being bounded for |¢| > R.
2kni+C

Consider a small circle of fixed radius ¢ drawn about the points ¢ = .)
T
where the quantity C is that of formula (14). For |e| sufficiently large the
point
2km’+0+ a (o)
4. (b) 0

will lie within this circle for any ¢ on the circumference, and hence, as ¢
describes this circumference.

{25+ 20)




1923) DEVELOPMENTS 165

increases by 27. It follows, therefore, that for |¢| > R the characteristic
values all lie within these small circles, and that each circle contains just one
characteristic value.

It is clear from this that the interval between any two characteristic values
given by (14) for consecutive values of k¥ becomes more and more nearly equal
as |k| is taken larger and larger, and that it is possible, therefore, to choose
a set of circles C; with centers in ¢ = 0 and of successively larger radii (there
being always one whose radius exceeds any given constant) which are such
that the distance between any point of a circle C; and any characteristic
value exceeds some constant d > 0. Let C; be used now to denote any circle
of the set into which the C;'s are transformed by the inverse of substitution (12).
Having defined the set C; in this manner let the procedure be repeated for each
of the remaining points ey, - -+, as, and the n sets of circles Cy, Cy,---,Cp
be thus determined. It can easily be shown that there exists a positive lower
limit M for the values of

Il—u(b) )')Iy and ,v(by l)_llr

when 4 lies on any of the circles C; (i =1,2,.--,n).

Returning now to formula (11), let the contour y,, be composed of circles C
chosen in the manner described above, one such circle being drawn about each
of the points e, @s,.--, @,, and described in the negative sense. Then
S92 (z), as given by the formula

(18)  Sm(x) = 71n. f jZza’g)f(a?)g(ﬁ’j;)l)dtdz,

—C,—Cy—...—C,

will represent the sum of the terms corresponding to the characteristic values
excluded by all the circles in question. As the circles are taken smaller and
smaller, (15) will sum a larger and larger number of terms, and the limit of
the integral as the process of successively replacing the circles C' by smaller
circles C is allowed to continue indefinitely will, if it exists, represent the sum
of the series. We proceed to the evaluation of this limit.

Upon writing (15) in the form

(150 S9G )_ﬁlmffG(w L) 3uOA0 440

1'—a1 ‘: l_aj

—C, a

we have in the sum on the right integrals of two types, namely those in
which j and ! are not both equal to 7, and that for which j, 7, and ¢ are all
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equal. In the evaluation of these integrals it will be convenient to refer to
the fact established by

LEMMA I. Given ¢(t, @) any function such that (i) |¢ (t,0)| < K for a <t
<B,7r<6<9,|o|>R, and (11)I lllm lo(t,0)] = 0 uniformly for ate

Lt B—e, v+ &< 0L d—e, & beang any sufficiently small positive constant,
and 6 denoting arc . Then if

8
1 de

C being that arc of circle |o| = r drawn from the point 6 =y to the point
6 =0, it follows that

lim I = 0.

p—)OO

PROOF. Setting ¢ = re"o, and defining the function y by the relation
@(¢,e) = Y(t,0,r) we have

Iy
1
I=2—n;{¢(t,0,r)dtd0;

whence
0—e p—e
II'—2n{ [ [ w0, atao
rte a ad—e
0—e ate d—e p
4—f¢fKde+f fKMdo
rte a ytep—e [

From this it is apparent, however, inasmuch as the limit of the first integral
on the right is zero, that for » sufficiently large

ﬂg l;lﬂ_al’
Il < e, where {l_2_|5—7’|.

Since ¢ was arbitrary, however, this implies that

lim I = 0. Q.E.D.

p—>®

Let us consider now the integrals in formula (15a), assuming the functions
Jfi(z) which we wish to develop to consist, in the interval a < x < b, of at
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most a finite number of pieces, each continuous and having a continuous first
derivative. We have
LEMMA II. If

b
‘G(x, t, A t t
Sy CICTL LU O
2mi
—Cfa

(A —a,)(A— a/z)

where
(z,0) F (v,9),

then
lim7; = 0,

when Cp s taken successively as a smaller and smaller circle of the type C
defined above, drawn about the point ..

PROOF. Transforming the plane of the parameter by the substitution (12)
we have

b
—1 * d
(16) L=gar [fot 066, et 1mar e,
Cra

where @ (¢, 0), being given by the formula

a, () fu ()

d)(t, (’) = 9(“1_ ay_l_ 1/9)((11_— ap,+ 1/()) ’

is seen to be bounded for |¢| > R, since a,(?) and f,() are bounded, while
at least one of the quantities «, and a, differs from ;. C, is now a circle
le| = r. The expression for the Green’s function, G(z, ¢, a.-}+ 1/p), is given
in (10) but may be more conveniently used in the following equivalent forms:

_ulz,0)v(t,e) _ ulz,e)v(t,e)v(b,e)
G(:E, tr “‘r+1/9)_ l—u(b,g) - ’l)(b,Q)—'l
when ¢ < «, and

_ u(z,e)v(t,e)ulb,e) _ ulz,0)v(t,e)
&=, t,“_"l"l/(’)— 1—u(, ) o v(b,0)—1

when ¢ > x.

Denoting by C, the arc of C; which lies in the half-plane R{oa,(t)} > 0,*
and by C7 the arc on which R{ea.(¢)} <0, I; may be more explicitly written
as the sum of the integrals

* The notation R {w} is used to indicate “the real part of w”.
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- u(z,e)v(t,e)v(d,e)
= 2/mffm(t O 00, 0—1 sy e

_ u(z,0)v(t,e) ,,do
T = mef”’“ 2 v (s WLt

_ u(w,e)v(t ,0)v(t, 0)
B = 2me w(b,e)—1 a’d e

Cr

u(z, e)v(t e)u(b, o)
fu= 2mJJ ®(te) —u(b,e) at’y e

Cy @

The notation «(x, ¢) has been used here in preference to the more clumsy
u(z, ap+ 1/0). _
Let us consider the integrand of Z,; which is typical. For ¢ on C; the factor
(¢ 0)

2(b,0)—1 bounded, while the remaining factor is

{A (@)= Ar(t)—A (b)}+ ;‘ Aj(x)—Aj(t)—Ath)
x)— — A A
PR AT S T aatafp

u(z,0)v(t,e)v(d,0) =e i¥T

If 2 # b this clearly approaches the limit zero uniformly as |e| increases, for
all values of ¢ in the interval « < ¢ < x and ¢ in any closed sector within and
on the boundary of which R{ea.(¢)} > 0. The same is true also if a <z <b
and a4 ¢ <t < x, while the value of the expression for a <2 <b, and all
values of ¢ in the interval a <¢<x and R{ea.(¢)} >0 is bounded. The
entire integrand, is, therefore, for any given , of the type ¢ (¢,¢) of Lemma],
and accordingly
lim I21 = 0.

lo|—>w

Inasmuch as the same reasoning may be applied to each of the remaining
integrals 1,4, it is readily found that

lim I, = 0. Q.E.D.

[p|—>o00
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The integral in (15a) which results from : = ! = remains to be considered.
‘We have

LEMMA III. If
L ff@(w L0V IO
27tz_ e o)
then
HAG@+HO+f(e—0) for 214
lim Iy = x=a
HAGa+ O+ A D=0} for o
xr==0.

PROOF. Applying again the transformation (12) we obtain the form

h=gmr | L[ f @ (@, 1, et 1/e) ar(1) £o(2) de,

ra

or, substituting the values of G (x, t, ¢.+1/¢), as given by formula (10),

—1
T fi(féf) ){fv(f 0)a-()fr(t) dt

b
Qs (1,0 a (/) 2t) g

The integration by parts indicated by the relation

3
—!at(t)fr(t) v(t,0)dt = I/Q{fr(a—o)v(d,e)

—£r+0)o(r,0)— f PO —f,(t)jZa _’a(+)1/g}v(t e)dt}
J¥

now yields a form for I3, of which the various terms may be collected into the
following expressions:

b
_-:1_ R . aj(t) } g_(_’_
2m’f {f'(t) f’(t)j?a,—a,-ﬂ/g Gle b et 1) dt=5,
C, a j¥T



170 RUDOLPH E. LANGER (April

2,1,2 [(ff(x_o)—[fr(a_*-o)_f;(b 0)] u(z,0)
GT

__ft(x-l-O)u(b,g))l_—ul(bm]%,
I;={whenzta, 240,

1 fr(b—o)—fr(a‘l'o)u(b)?) do
2mi o

1—u(b,e) e’

| when x = @ or 2 =: .
Now inasmuch as

. _a®)
{fr(t) fr(t)z a -——Ja_,—-l-l/e}

H:r

is bounded for |¢| > R, the integral Ty, is seen to be of precisely the same
type as the integral I, in formula (16), and it follows accordingly that

lim 75, = 0.

Further, from the more explicit forms

o1 {[ff(x——O)—fr(anO)]——lff(a+0)—fr(b—0)]u(w,e)
27 9 1—u(b,e)

Cr

+f,<x+o>}f""+2mf{f,<w—0>
CT
Urla = 0=+ OluCs,0)—L/:(a+0) 0~ Olutes0)) de
+ 1—u(d,e) 0

whenz $ a, 2 F b,

1 [f:(b—0) — f:(a+0)] do

Cr

L, (0—0) — (e + O)]u(b,0)) g
+oms [HAo—o+ e }de

27y
C‘l'
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when £ = a or = b, the evaluation of Iy, is simple. The fractional parts
of these integrands are functions of such type that their integrals over the
respective paths of integration vanish when the limit as |¢| = oo is taken, as
may be determined by an argument analogous to that used in the proof of
Lemma I. It follows, therefore, that

lim Iy = } {f; (4 0)+ f; (z—0)}

pl—>=
whenz$a, 240,
| }imIsz = %{fr(a'l‘o) +fr(b_0)}r

pP|—>x

when x = a or z = b. This establishes the final lemma.

THEOREM. Given any n functions fi(x), f2 (), -, fa(x), which, in the
interval a < x < b, consist of at most a finite number of pieces, each real and
continuous and having a continuous derivative; then these functions may be
simultaneously expanded in series of the form

ukj (x)
lkj—ai

(i=1,2,:++,n).

+o0
Sfi(z) = . =Z_7w Ciyj

J=12,...,n,

In this the 4’s and u’s are respectively the characteristic values and functions
of a differential system

W (2) =3 8@ (),
Jj=14A"7¢qj
u(a) = u(b),

each «; being a constant, while each a;(«) is real, maintains the same sign,
and is bounded and integrable throughout the interval a <x <b. This
expansion for f;(x) will, moreover, converge to }{f;(x+ 0)+f;(x—0)}
for any interior point of the interval, and to {/i(a+0)+ /(b —0)} at the
end points.
PROOF. From the choice of notation f;(x) = lim 8¢ («), and hence by (15a)
m—>0

b
filz) =lim 3 1 ff “{g_%ig?l(f: Z;) dtda.

st=1
—Cf a

12
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The evaluation of this expression may be simplified by writing it in the form

b
filw)=lim 2 soe ff“’(&t)_ﬁg;ﬁ(ﬂ i’;) dtdi

hT=
b
+llmmff (l—a,)’ dtdl,

U, *G6, D —Cra
—-C; a

for the first of these limits vanishes by Lemma IT. Hence the expansion for
Ji(z) converges to the value of the final limit above, and this is by Lemma III

Hﬁ(w—}-O)—l—ﬁ(m—O)}, when z :l: a,x :': b’

3{fi(a+0)+fi(b—0)}, whenz=a, x =0,
Q.E.D.

HARVARD UNIVERSITY,
CAMBRIDGE, MASS.



